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Abstract
At cryogenic temperatures, thermal transport is predominantly governed by long-wavelength acoustic phonons with exceptionally long 
intrinsic mean free paths, leading to significant departures from the diffusive transport behavior characteristic of room temperature. 
Understanding these transport mechanisms is essential for emerging technologies, including quantum computing, cryogenic electronics, 
and aerospace systems. This review summarizes the fundamental physics governing phonon-mediated thermal transport in the cryogenic 
regime. We first introduce the classical Casimir-Knudsen framework for geometry-limited transport and then discuss how this picture is 
modified by reduced dimensionality, competing scattering mechanisms, collective phonon transport, and wave effects. Particular emphasis 
is placed on the physical origins of thermal-conductivity behaviors that deviate from the conventional T3 scaling. We further examine the 
implications of cryogenic phonon transport for self-heating and thermal management in electronic and quantum devices. Finally, we identify 
key unresolved questions, particularly regarding predictive modeling and thermal management in cryogenic quantum devices. By providing 
a unified overview of recent advances, this review aims to stimulate further progress in the fundamental understanding and engineering of 
thermal transport at cryogenic temperatures.
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1. Introduction
Recent years have witnessed rapid advances in quantum computing[1-3], spacecraft technologies[4-6], and cryogenic refrigeration 
systems[7-9], many of which operate at temperatures ranging from tens of kelvin to the millikelvin regime. Under such conditions, 
even nanowatt-level heat dissipation can produce significant local temperature rises because of the extremely limited cooling 
power[10]. Continued device miniaturization and increasing integration density further exacerbate self-heating and inter-device 
thermal crosstalk, making thermal management essential for maintaining device reliability and ultimately sustaining overall system 
performance[11].

Heat transport at cryogenic temperatures differs fundamentally from its room-temperature counterpart. As temperature decreases, 
anharmonic phonon-phonon scattering is strongly suppressed, thermal conduction becomes increasingly dominated by 
long-wavelength acoustic phonons, and intrinsic phonon mean free paths may exceed the characteristic dimensions of the system. 
Consequently, heat transport becomes highly sensitive to elastic anisotropy, disorder, and sample geometry[12-14]. Under these 
conditions, a variety of non-Fourier transport phenomena[15] can emerge, challenging the conventional diffusive description based on 
Fourier's law.

Experimental[16-20] and theoretical models[21-26] have substantially advanced the understanding of thermal transport at cryogenic 
temperatures. More recently, first-principles lattice dynamics, Boltzmann transport equation (BTE) methods, and advances in 
high-performance computing have enabled increasingly predictive simulations of phonon transport[27-29]. Previous reviews have 
broadly examined nanoscale and non-Fourier phonon transport or focused on individual transport mechanisms[15,30]. However, 
cryogenic thermal transport has often been considered only as a subset of these broader topics rather than as a distinct organizing 
theme. This has hindered a systematic understanding of the unique transport mechanisms that emerge at cryogenic temperatures 
and their implications for thermal management in cryogenic electronic and quantum devices.
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Motivated by this need, we offer a unified perspective on cryogenic phonon transport, organizing transport mechanisms across 
temperature and length scales, clarifying deviations from (T3) scaling, and connecting the underlying physics to thermal management 
in cryogenic devices. Figure 1 schematically maps the dominant transport regimes using temperature and characteristic length scales 
normalized by the Debye temperature and phonon mean free path, respectively. Guided by this framework, the following sections 
examine the major transport mechanisms, with their key characteristics summarized in Table 1. Finally, we examine the mechanisms 
emerging in electronic and quantum devices, with particular emphasis on mitigating cryogenic self-heating. This present review 
focuses on phonon-mediated thermal transport in dielectric, insulating, and lightly doped semiconducting materials. Although 
electrons, magnons, and other quasiparticles[31-33] may contribute significantly to heat transport in metals, magnetic materials, and 
correlated quantum materials, these coupled transport phenomena are beyond the scope of this review.

Figure 1. Phonon transport mechanisms at cryogenic temperature and corresponding temperature scaling. 2D: two-dimensional; 3D: three-dimensional.

2. Physical Picture of Cryogenic Phonon Transport
At cryogenic temperatures, the thermal population of high-frequency lattice vibrations is strongly suppressed, and heat transport is 
governed predominantly by low-frequency acoustic phonons[34]. Consequently, the quantum statistics of lattice vibrations become 
essential, and thermal conduction is naturally described in terms of phonon quasiparticles.

Within the semiclassical framework of quasiparticle transport, steady-state heat transport under a temperature gradient ∇T is 
commonly described by the phonon BTE, first formulated by Peierls in 1929[35]. At low temperatures, heat conduction in 
three-dimensional crystals is dominated by long-wavelength acoustic phonons with approximately linear dispersion (ω = vsq). Within 
the relaxation-time approximation (RTA), the phonon BTE then reduces to the standard Debye-RTA expression for thermal 
conductivity[36,37]:

(1)

where kB is the Boltzmann constant, vs is the speed of sound, θ is the Debye temperature, T is the temperature, τc is the phonon 
relaxation time. Physically, τc represents the characteristic time over which scattering relaxes the nonequilibrium phonon 
distribution toward equilibrium. Inside the integration, the product τc ∙ vs can also be defined as the mean free path of phonons 
lc = τc ∙ vs. If the phonon mean free path is also temperature and frequency independent, as in the diffuse boundary-scattering limit, 

the integral converges to the constant, yielding the overall thermal conductivity . The three acoustic phonon 
branches may be represented within the isotropic Debye approximation by an appropriately defined mean sound velocity[37]. This 
expression provides the basis for understanding boundary-limited thermal transport in bulk dielectric crystals.
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Table 1. Summary of cryogenic phonon-transport regimes and modeling applicability.

Dominated mechanisms Representative scaling Key criterion/applicability

3D Casimir regime/ballistic κ ~T3 Geometry-limited 3D transport; dominant MFP much 

larger than sample size; λdom « roughness scale

Kinetic/Umklapp-dominated κ decreases with T; often κ ~T-1 at high T Relatively high T/θD; resistive Umklapp scattering 

dominates

2D geometry-limited transport Graphene/2D: ZA often ~T1.5; LA/TA often 

~ T2

Confined dimension comparable to phonon 

wavelength or thermal length scale

Point-defect/isotope 

scattering

Reduced from ideal T3; material- and 

concentration-dependent

Elastic mass-disorder scattering becomes important as 

anharmonic scattering weakens; τd
-1 ∝ ω4

Grain-boundary 

scattering

Often close to T2, but not universal Grain size comparable to MFP; phonon transmission is 

frequency dependent

Multi-scattering 

competition

Amorphous-like 

transport

Often close to T2 Strong disorder, tunneling states, rattling modes, or 

glass-like low-energy excitations

Hydrodynamic transport Not universal; can increase faster than T3 

in Poiseuille window for 3D materials

Scattering hierarchy ΛN « L « ΛR

Wave/coherent effects Often weaker than T3 or non-monotonic λdom comparable to roughness, disorder length, or 

superlattice/phononic-crystal period

As summarized in Table 1, cryogenic phonon transport has no universal temperature scaling. The classical (T3) Casimir law applies to 3D geometry-limited crystals, while 
deviations reflect dimensionality, boundary effects, competing scattering, hydrodynamics, or ballistic transport. 3D: three-dimensional; MFP: mean free path.

Peierls’s pioneering analysis showed that, in the absence of extrinsic momentum-relaxing mechanisms, the thermal conductivity of 
an ideal crystal would diverge at sufficiently low temperatures[35]. This fundamental insight highlights the increasing importance of 
extrinsic scattering mechanisms, and the combined influence is commonly considered using Matthiessen’s rule[38]:

(2)

where the four terms represent anharmonic phonon-phonon interactions, point-defect scattering, boundary scattering, and 
grain-boundary scattering, respectively. When diffusive boundary scattering dominates, τc becomes effectively independent of 
temperature and frequency, leading to the well-known κ ∝ T3 scaling of the Casimir regime. Boundary scattering is commonly 
described by[28]:

(3)

where p is the boundary specularity and L0 is the characteristic geometric length scale. Point-defect scattering (1/τd), arising from 
isotopes, impurities, and vacancies, becomes increasingly important at cryogenic temperatures because its scattering strength is 
temperature-independent and the corresponding scattering rate follows the characteristic ω4 dependence[39]. In polycrystalline 
materials, grain-boundary scattering (1/τgrain) provides an additional source of resistance, with the effective boundary-limited mean 
free path depending on grain size and boundary characteristics. Klemens[40] showed that the boundary-limited mean free path is also 
temperature-independent and exhibits an explicit frequency dependence of the form Λbdy ∝ Dave ωn, where Dave is the average grain 
size and the exponent n ranges from 0 to -2 depending on the assumed boundary scattering model and degree of specularity.

Building on these scattering models, several phenomenological theories have been developed to describe cryogenic thermal 
transport and have achieved excellent agreement with various experiments[23,26]. While the RTA provides valuable physical insight, it 
neglects the collective nature of momentum-conserving Normal (N) phonon scattering. Unlike resistive scattering processes, 
N-processes conserve crystal momentum and therefore do not directly generate thermal resistance. Instead, sufficiently frequent N 
scattering redistributes phonon momentum and drives the phonon system toward a displaced equilibrium characterized by a finite 
drift velocity. As Umklapp scattering becomes strongly suppressed at cryogenic temperatures, collective phonon transport can 
substantially enhance thermal conductivity beyond the prediction of the RTA.
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To account for this effect, Callaway introduced an effective correction to the RTA by incorporating Normal scattering through a 
displaced phonon distribution[22] refined subsequently by Allen[25]. Although the Callaway model remains approximate, it established 
the conceptual foundation for understanding collective phonon transport and has been widely used to interpret hydrodynamic heat 
conduction and benchmark numerical solutions of the phonon BTE[41,42].

Together, the Debye model, Matthiessen's rule, and Callaway theory constitute the classical framework for understanding cryogenic 
phonon transport. These models successfully explain many experimental observations, including the characteristic T3 behavior of 
boundary-limited transport. Nevertheless, they cannot fully capture phenomena that become increasingly important at cryogenic 
temperatures, including reduced-dimensional transport and coherent wave interference[43-46]. These limitations have motivated the 
development of modern theoretical approaches based on first principles and numerical solutions of the full phonon BTE. The 
following sections review these advances and discuss how they extend the classical picture of cryogenic phonon transport.

3. Geometry Effects on Cryogenic Phonon Transport
At cryogenic temperatures, heat transport is frequently governed by geometry-limited phonon transport, in which boundary 
scattering dominates over intrinsic phonon-phonon interactions. Unlike room-temperature nanoscale transport[15,47], where all 
phonon modes can be excited, cryogenic transport is often dominated by long-wavelength acoustic phonons whose population 
changes drastically with temperature[48]. Consequently, the characteristic sample dimensions, surface morphology, and crystal 
orientation become the primary factors affecting phonon transport.

3.1 Boundary-limited transport: The Casimir limit
As discussed in Section 2, three-dimensional dielectric crystals at sufficiently low temperatures are well described by Eq. (1), which 

predicts the characteristic temperature dependence κ = AT3[49]. According to Eq. (1), the prefactor A scales as , indicating that 
materials with higher sound velocities exhibit lower thermal conductivity in the boundary-limited regime. This prediction appears 
counterintuitive because it contrasts sharply with the familiar ranking of thermal conductivity at room temperature. Figure 2a 
compares the thermal conductivity of PbTe and diamond between 2 and 1,000 K. At room temperature, diamond is one of the most 
thermally conductive materials because of its exceptionally high phonon velocities and weak anharmonic scattering. However, below 
approximately 10 K, its thermal conductivity becomes nearly an order of magnitude lower than that of PbTe. This counterintuitive 
behavior arises because high-velocity phonons freeze out more rapidly upon cooling, resulting in a reduced phonon population, as 
shown in Figure 2b. Consequently, materials such as diamond, which possess ultrahigh thermal conductivity at room temperature, 
become relatively poor thermal conductors at cryogenic temperatures[48,50,51].

Figure 2. (a) A reversal in κL as the temperature decreases for PbTe and diamond[48]. Reproduced with permission from reference[48]. Copyright © 2012 Annual Reviews; 

(b) This phenomenon can be explained by phonon freezeout, where the reduced group velocity of PbTe results in a higher number of occupied states at a given 

temperature.

3.2 Geometry-induced thermal conductivity anisotropy: Phonon focusing
A second hallmark of geometry-limited transport is the enhanced directional dependence of thermal conductivity. As 
momentum-destroying phonon scattering becomes progressively suppressed, the effective phonon mean free path is determined 
primarily by boundary scattering, making thermal transport increasingly sensitive to the propagation direction of phonons.

Silicon provides a representative example. Figure 3a shows that the thermal conductivity measured along different crystallographic 
directions diverges significantly as temperature decreases into the Casimir regime. Figures 3b,c,d show the angular dependence of 
thermal conductivity and branch-resolved contributions in silicon at 20, 100, and 300 K for a nanowire with a diameter of 115 nm. 
The labels 1, 2, 3, and 4 in the polar plots denote the total thermal conductivity, the contribution from the fast transverse acoustic 
mode, the slow transverse acoustic mode, and the longitudinal acoustic mode, respectively. At cryogenic temperatures, the slow 
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transverse acoustic branch contributes nearly half of the total thermal conductivity and dominates the observed anisotropy due to its 
lower group velocity and higher phonon population. As temperature increases, higher-frequency longitudinal and fast transverse 
modes contribute more significantly, and isotropic scattering dominates, gradually reducing the overall anisotropy. Consequently, 
even materials that exhibit only weak thermal anisotropy at room temperature can develop strong directional dependence at 
cryogenic temperatures.

Figure 3. (a) Thermal conductivity of silicon rods at cryogenic temperatures with macroscopic sample sizes. The figure is reproduced with permission from reference[52]. 

Copyright © 2014 John Wiley & Sons; Thermal conductivity of Si at different angles and contributions from different phonon branches for Si with 115 nm diameter and axis 

rotated in the diagonal plane at (b) 20 K (c) 100 K, and (d) 300 K. Figures (b,c,d) are adapted with permission from reference[53]. Copyright © 2014 Springer Nature.

The physical origin of phonon focusing was established by Every and Maznev[54], who showed that anisotropic elastic constants cause 
phonon group velocities to deviate from the corresponding wavevector directions. Within continuum elasticity theory, the strength 
of this effect is commonly characterized by the elastic anisotropy factor

(4)

where A = 1 corresponds to elastic isotropy and larger values indicate a stronger focusing effect. Combined elastic-continuum and 
Callaway-type transport models have successfully reproduced experimental anisotropy in materials such as potassium[14] and silicon 
across various geometries and length scales[52,53,55,56].

Although phonon focusing is most prominent at cryogenic temperatures, its influence can extend to higher temperatures in strongly 
anisotropic systems. Examples include single-crystal β-Ga2O3, which exhibits pronounced thermal conductivity anisotropy above 80 K 
due to direction-dependent phonon velocities[57], and SiGe nanowires where alloying scattering enhances the contribution of weakly 
scattered low-frequency phonons even near room temperature[58]. Recent mode-resolved first-principles studies further confirm the 
decisive role of transport direction in determining thermal conductivity anisotropy in bulk crystals and nanowires[56,59], although 
systematic mode-level investigations of phonon focusing remain limited.

3.3 Surface morphology and boundary specularity
The classical Casimir model discussed above assumes that phonons are scattered diffusely at sample boundaries, an approximation 
that is valid when the dominant phonon wavelength is much smaller than the characteristic surface roughness. At sufficiently low 
temperatures, however, this assumption gradually breaks down. The dominant thermal phonon wavelength,

(5)
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increases inversely with temperature[60] and can eventually exceed the characteristic surface roughness. For example, in silicon, the 
dominant wavelength of transverse acoustic phonons reaches hundreds of nanometers at 1 K, given the group velocity of Si[61]. Under 
these conditions, phonon reflection becomes increasingly specular rather than fully diffuse, marking a gradual departure from the 
ideal Casimir regime.

Unlike diffusive scattering, specular reflection preserves the phonon momentum parallel to the surface and therefore does not 
completely randomize phonon trajectories. As a consequence, the effective boundary-limited mean free path increases, reducing the 
thermal resistance introduced by sample boundaries. The resulting thermal conductivity exhibits a weaker temperature dependence 
than the classical T3 scaling expected for fully diffusive boundary scattering.

Experimental observations provide compelling evidence for this transition. Figure 4 shows measurements on single-crystalline 
Nd2CuO4

[62], where smooth boundaries lead to progressive deviation from the diffusive-boundary T3 scaling. The weaker temperature 
dependence reflects the increasing contribution of long-wavelength phonons undergoing partially specular boundary reflections. 
Similar behavior has been observed in silicon nanowires[63] and layered materials such as single-crystal WS2

[64].

Figure 4. In-plane thermal conductivity of an as-grown single crystal of Nd2CuO4 before (“as-grown,” full triangles) and after (“roughened,” empty triangles) its smooth, 

mirror-like surfaces were roughened by sanding. As indicated by the horizontal line, roughening allows one to recover the diffusive regime at cryogenic temperature, 

characterized by a constant κ /T3, at least down to 150 mK. The figure is reproduced with permission from reference[62]. Copyright © 2008 American Physical Society.

3.4 Size effects and anomalous boundary-limited transport in 2D materials
Reduced dimensionality introduces an even more fundamental modification to cryogenic phonon transport. Graphene provides the 
most representative example. As shown in Figure 5a, the low-temperature thermal conductance of suspended graphene follows an 
approximate T1.5 dependence in the ballistic limit, significantly weaker than the T2.5 dependence in graphite[65], and the classical T3 of 
the 3D Casimir limit. This systematic reduction of the temperature exponent with decreasing layer thickness reflects the crossover 
from three-dimensional to two-dimensional phonon transport.

The physical origin of this behavior lies in the modified phonon spectrum of two-dimensional crystals. In addition to the in-plane 
longitudinal and transverse acoustic branches, graphene possesses a flexural acoustic (ZA) branch with a quadratic dispersion near 
the Brillouin-zone center[67]. This quadratic dispersion produces a much larger low-frequency phonon density of states than the 
linear acoustic branches in bulk crystals, and a different temperature dependence of specific heat and group velocity[48].

Additional experiments further show that both ballistic transport and boundary scattering play an essential role in graphene-based 
structures[68]. In short supported graphene samples, the thermal conductance can approach a substantial fraction of the ballistic limit, 
whereas in narrow graphene nanoribbons the thermal conductivity is strongly suppressed and becomes controlled by boundary 
scattering, as shown in Figure 5b. Although the temperature scaling remains the same, the resulting conductance reaches around 40% 
of the purely ballistic thermal conductance[20,66].

However, theoretical analyses by Wang and Mingo demonstrated that the classical Casimir picture itself breaks down in an ideal 
two-dimensional ribbon[69]. Unlike three-dimensional systems, fully diffuse edge scattering alone does not produce a finite 
boundary-limited phonon mean free path. Instead, long-wavelength phonons can continue to propagate over arbitrarily long 
distances unless additional scattering mechanisms are present. The logarithmic increase of thermal conductivity with sample length, 
illustrated in the inset of Figure 5b, is therefore a manifestation of the anomalous nature of two-dimensional phonon transport rather 
than simply a stronger finite-size effect.
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In realistic graphene samples, thermal transport is determined by the combined action of ballistic propagation and different 
scattering mechanisms. Calculations by Nika et al. incorporating these mechanisms predict effective low-temperature scaling close to 
T2 for high-quality graphene with highly specular boundaries[70,71], in good agreement with experimental observations of 
quasi-ballistic heat transport in micron-scale samples[20,66]. Therefore, dimensionality does not merely modify the exponent of 
thermal conductivity; it changes the fundamental relationship between boundary scattering and phonon mean free path.

Figure 5. (a) Thermal conductance of graphene and graphite at cryogenic temperature and their temperature scaling. Figure is reproduced with permission from 

reference[65]. Copyright © 2005 American Physical Society; (b) Experimental thermal conductance per unit cross-sectional area, σ/A as a function of temperature in samples 

with lengths from 300 nm to 700 nm. The ballistic limit is indicated by the black dashed curve. The figure is reproduced from reference[66]. CC BY 4.0; the inset is reproduced 

from reference[20]. CC BY 4.0.

4. Phonon Scattering Competition and Transport Crossover
An ideal Casimir regime can only be observed under highly controlled experimental conditions because multiple extrinsic and 
intrinsic scattering mechanisms compete at cryogenic temperatures, as illustrated in Figure 6. Even in millimeter-scale samples 
where boundary scattering is expected to dominate, noticeable deviations from the T3 law are frequently observed[74].

Figure 6. Experimental data of thermal conductivity as a function of temperature of pure and naturally isotopic Si[18], doped Si[72], nanograined Si[73]. Reproduced from 

reference[18]. CC BY 4.0. Reproduced with permission from reference[72]. Copyright © 2017 John Wiley & Sons. Reproduced with permission from reference[73]. 

Copyright © 2011 American Chemical Society. The experimental data are reproduced with permission from reference[47]. Copyright © 2022 Elsevier Ltd.

In high-purity dielectric crystals, the dominant competition occurs among boundary scattering, isotope scattering, and anharmonic 
phonon scattering. As shown in Figure 6, isotopically enriched silicon closely follows the classical T3 behavior, indicating 
boundary-limited transport, whereas natural silicon exhibits a noticeably weaker temperature dependence above approximately 5 K 
because the dominant heat-carrying phonons shift toward higher frequencies, where isotope scattering becomes increasingly 
effective due to its ω4 dependence, as discussed in Section 2. The influence of isotope scattering reaches a maximum near the 
thermal-conductivity peak before gradually giving way to anharmonic phonon scattering at higher temperatures. Similar 
isotope-induced reductions in thermal conductivity have been reported for other group-IV and III-V semiconductors[62,75].
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Recent advances in first-principles Boltzmann transport calculations have enabled parameter-free, mode-resolved analyses of the 
competition among these scattering mechanisms[76,77]. As shown by the first-principles results in Figure 7, these calculations confirm 
that diffusive boundary scattering is nearly frequency-independent for long-wavelength acoustic phonons, whereas isotope 
scattering follows the characteristic ~ ω4 dependence. Meanwhile, the magnitude and frequency dependence of phonon-phonon 
scattering vary with temperature. At cryogenic temperatures, low-frequency phonon-phonon scattering can exhibit weaker 
frequency dependences associated with Normal processes[24]. As the temperature increases, the contribution from Umklapp 
scattering grows, resulting in a stronger frequency dependence and greater magnitude of scattering.

Figure 7. Scattering rates of Si at 5 K from first-principles calculations. The figure is reproduced with permission from reference[13]. Copyright © 2024 American Physical 

Society.

4.1 Isotope and point-defect scattering
Point defects, including isotopes, substitutional impurities, and vacancies, are important extrinsic scattering sources at cryogenic 
temperatures, where suppressed phonon-phonon interactions enhance their impact, as observed in[18,78,79] and in single-crystalline 
AlN[80].

Impurity scattering plays a similarly important role in doped semiconductors. As shown in Figure 8a, silicon with different doping 
concentrations exhibits distinct low-temperature thermal conductivity scaling. Likewise, Paskov et al.[82] successfully reproduced the 
cryogenic thermal conductivity of Si-doped GaN down to 20 K using a modified Callaway model, while Guthy et al.[83] reported an 
approximate T1.8 dependence in GaN, substantially weaker than the classical T3 law. Similar behavior has also been observed in 
insulating oxides and perovskites, where intrinsic disorder and vacancies introduce additional phonon scattering[84,85]. Notably, 
point-defect scattering alone cannot fully limit thermal transport in an ideal crystal because its Rayleigh-type scattering rate scales as 
ω4, making it increasingly ineffective at scattering long-wavelength acoustic phonons[13]. Consequently, in the ultra-low-temperature 
regime, boundary scattering gradually becomes the dominant resistance mechanism, restoring the conventional T3, as shown in 
Figure 6.

Figure 8. (a) Thermal conductivity of Si layers with different doping concentrations. The figure is reproduced with permission from reference[81]. Copyright © 2002 American 

Institute of Physics; (b) Thermal conductivity of monolayer MoS2 with different sizes and defect concentrations, showing different temperature scaling from the purely 

geometry-limited temperature scaling of T1.5. The figure is reproduced with permission from reference[72]; Copyright © 2017 John Wiley & Sons.
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In low-dimensional systems, the influence of defect scattering becomes further intertwined with reduced dimensionality. As 
discussed in the previous section, ideal two-dimensional crystals exhibit a ballistic thermal conductivity approximately following 
κ ~ T1.5. As shown in Figure 8b, Yarali et al.[72] measured suspended monolayer MoS2 and reported an effective scaling of κ ~ T1.24-1.38 at 
cryogenic temperatures, demonstrating the combined influence of reduced dimensionality and defect scattering.

4.2 Grain-boundary scattering
In nanocrystalline and polycrystalline materials, grain boundaries can become an important source of extrinsic phonon scattering at 
cryogenic temperatures. Unlike the diffuse boundary scattering considered in the classical Casimir model, grain-boundary scattering 
is generally frequency-dependent because long-wavelength acoustic phonons can be partially transmitted across grain interfaces[86].

Klemens[40] proposed that grain-boundary-limited mean free paths can be expressed as Λbdy ∝ Dave ωn, where Dave is the average 
grain size and the exponent n ranges from 0 to -2, depending on the grain-boundary transmission characteristics. This frequency 
dependence leads to a weaker temperature dependence of thermal conductivity at cryogenic temperatures.

Experimental observations support this picture. As shown in Figure 9a, measurements on nanocrystalline silicon[73] and diamond[88,89] 
reveal approximately ω-1 dependent phonon transmission and a corresponding reduction of the low-temperature 
thermal-conductivity scaling from the classical T3 toward approximately T2. These results demonstrate that grain boundaries 
preferentially scatter higher-frequency phonons while allowing long-wavelength acoustic phonons to transmit more efficiently.

Figure 9. (a) Thermal conductivity of polycrystalline Si with different grain sizes; the marks are the experimental values and the solid lines are non-gray models and dashed 

lines are gray models. The figure is reproduced with permission from reference[73]. Copyright © 2011 American Chemical Society; (b) Thermal conductivity in graphene with 

different grain sizes and grain-boundary concentration: L is the grain size, a is the average distance between grain boundaries; solid curves represent samples with grain size 

of L = 2.46 nm, while dashed curves represent samples with grain size of L = 1.23 nm. The figure is reproduced with permission from reference[87]. Copyright © 2015 Springer 

Nature.

The influence of grain boundaries becomes even more complex in two-dimensional materials[87]. As shown in Figure 9b, for pure 
graphene, the thermal conductivity shows T1.5 above 30 K, and T1 below 30 K, due to the quantum wire behavior[87,90]. With different 
grain sizes and concentrations, the temperature scaling further varies from T0.3 to T1. Analytical models also show that open and 
closed grain boundaries produce distinct mean free path scaling, ℓ ∝ ω-1 and ℓ ∝ ω-3[91]. These strong grain-size dependences 
highlight the limitations of treating grain boundaries as purely diffusive interfaces in low-dimensional materials.

Besides phonon transmission, grain boundaries are often accompanied by strain fields and dislocations, which introduce additional 
scattering channels for long-wavelength phonons. Kim et al.[92] demonstrated that dislocation-induced strain can dominate phonon 
scattering in polycrystalline thermoelectric materials at cryogenic temperatures.

4.3 Glass-like cryogenic thermal transport in strongly anharmonic crystals
In most crystalline solids, anharmonic phonon-phonon scattering is strongly suppressed at cryogenic temperatures, making 
boundary and defect scattering the dominant sources of thermal resistance[13,93]. An important exception is provided by materials 
with exceptionally strong lattice anharmonicity. As a result, the thermal conductivity can deviate markedly from the crystalline T3 
behavior and instead approach the T2 scaling characteristic of amorphous solids[16], as illustrated in Figure 10.

Representative examples include α-ZrW2O8, which exhibits approximately T1.8 below 10 K with thermal conductivity approaching the 
minimum thermal conductivity limit[95]. This behavior has been attributed to strong coupling of acoustic phonons by highly 
anharmonic low-frequency modes associated with negative thermal expansion. Similarly, single-crystalline Ba8Ga16Ge30 displays a 
κ ∝ T2 dependence below 1 K because of intrinsic low-energy excitations within the clathrate framework[96], while comparable 
glass-like behavior has also been reported in Bi2Sr2CaCu2O8

[94].
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Figure 10. Cryogenic thermal conductivity of strongly anharmonic single crystals, showing an approximate T2 dependence. The figure is reproduced with permission from 

reference[94]. Copyright © 1989 American Physical Society.

4.4 Interplay between boundary and internal scattering
Throughout the preceding discussion, competing phonon scattering mechanisms have been combined using Matthiessen’s rule. 
While this approximation is widely used because of its simplicity, boundary scattering depends on the intrinsic mean free path and 
cannot, in general, be represented by an independent relaxation process[69].

A more rigorous treatment requires solving the spatially dependent phonon BTE. Simplified scaling functions derived from such 
analyses have been proposed[29,59]

(6)

which explicitly account for the spatial evolution of the phonon distribution near sample boundaries. These analyses show that 
Matthiessen’s rule provides an excellent approximation for most three-dimensional structures but becomes increasingly inaccurate 
as transport becomes ballistic or the dimensionality is reduced[69]. In particular, solutions of the phonon BTE show that boundary 
scattering alone cannot produce finite thermal conductivity in ideal two-dimensional ribbons, implying the absence of a strict 
Casimir-Knudsen regime in 2D materials[97], as discussed in Section 3.

Figure 11a compares the phonon mean free paths calculated using Matthiessen’s rule with full solutions of the space-dependent BTE 
for wires with different cross-sectional geometries[69]. Excellent agreement is obtained for most three-dimensional wires, while 
somewhat larger deviations appear for triangular and hexagonal-shaped cross sections because of their sharper edges. In contrast, 
ideal two-dimensional ribbons exhibit a qualitative breakdown of Matthiessen’s rule, as shown in Figure 11b. These findings highlight 
a fundamental limitation of treating boundary scattering as an effective volumetric scattering process. In low-dimensional and 
ballistic-dominated systems, size effects must be treated explicitly within spatially resolved transport models[27].

4.5 Collective and hydrodynamic phonon transport
As the temperature decreases, phonon transport can evolve beyond the conventional kinetic regime, where heat is carried by 
independent phonon quasiparticles and limited by resistive scattering. When momentum-conserving N-processes become more 
frequent than momentum-relaxing resistive processes, phonons develop a collective drift velocity, which is the Ziman regime of 
collective transport[99], as illustrated in Figure 12b. Under a temperature gradient, heat flows collectively with a nonuniform profile 
analogous to viscous fluid flow[100], as shown in Figure 12a. Upon further cooling, however, internal scattering becomes too weak to 
sustain local equilibration, and transport ultimately crosses over into the ballistic regimes. Consequently, hydrodynamic transport 
exists only within an intermediate temperature window between the diffusive and ballistic transport.

The theoretical foundation of phonon hydrodynamics was established by Guyer and Krumhansl[101], who showed that hydrodynamic 
transport requires the approximate hierarchy

(7)

where ΛN and ΛR are mean free paths associated with Normal and resistive scattering, respectively, and L is the characteristic sample 
dimension. Under these conditions, collective phonon motion can produce Poiseuille heat flow in steady-state transport and second 
sound in transient transport[102].
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Figure 11. (a) Mean free path comparisons from BTE scaling function and boundary scattering via Matthiessen’s rule of (a) 3D material (infinite lengths with different 

cross-sections) and (b) 2D material (square-shaped ribbons). Matthiessen’s rule agrees quantitatively with the BTE scaling function. Figure (a) is reproduced with permission 

from reference[69]. Copyright © 2011 American Institute of Physics. And Figure (b) is reproduced with permission from reference[98]. Copyright © 2026 American Physical 

Society. BTE: Boltzmann transport equation; 2D: two-dimensional; 3D: three-dimensional.

Figure 12. (a) Illustration of the steady-state heat-flux profiles in the hydrodynamic and ballistic regimes under a temperature gradient. The figure is reproduced from 

reference[100]. CC BY 4.0; (b) Thermal conductivity of a graphene ribbon of width L = 100 μm (κ L), its ballistic limit , and that of an infinite graphene sheet (κ ∞). 

Inset: schematic thermal-conductivity regimes in a standard three-dimensional solid. The figure is reproduced from reference[99]. CC BY 4.0. 3D: three-dimensional.

Hydrodynamic phonon transport has been observed or proposed in only a limited number of exceptionally clean materials. Early 
evidence came from solid helium, where thermal conductivity exhibits an unusually steep temperature dependence approaching T8 
as shown in Figure 13a, consistent with strong collective phonon transport[103]. More recently, SrTiO3 has attracted considerable 
attention because its thermal conductivity increases faster than T3 within a narrow temperature range below the conductivity 
peak[104], as shown in Figure 13b. The approximately exponential decrease of thermal conductivity with increasing temperature is also 
characteristic of the Ziman regime.

Reduced dimensionality substantially enlarges the hydrodynamic transport window. First-principles calculations predict that in 
graphene, graphite, and related layered materials, collective phonon transport can persist up to tens or even hundreds of 
kelvin[99,100,105-107]. Graphite is a representative example, where hydrodynamic transport and the Knudsen minimum have been 
predicted and experimentally investigated over a much broader temperature range[102], as shown in Figure 13c. Nevertheless, 
hydrodynamic transport remains highly sensitive to defects and other momentum-relaxing mechanisms, which substantially reduce 
the accessible hydrodynamic regime.

Accurate descriptions of collective phonon transport requires solving the full linearized phonon BTE. Although the Callaway model 
also considered such mechanisms[12], recent first-principles studies demonstrate that its accuracy deteriorates in the cryogenic 
regime and that it does not consistently outperform the relaxation-time approximation[108,109]. These limitations have motivated 
rigorous iterative and relaxon-based solutions of the BTE, which provide a more complete description of collective phonon 
dynamics[110].
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Figure 13. (a) Thermal conductivity of solid helium in the Poiseuille flow regime and temperature dependence predicted by the Casimir limit (dashed line). The figure is 

reproduced from reference[103]. CC BY 4.0; (b) Thermal conductivity of a SrTiO3 crystal (closed red squares) and exponential variation in the Ziman region; the figure is 

reproduced with permission from reference[104]. Copyright © 2018 American Physical Society; (c) Transport regimes in graphite ribbons between 50-90 K for different vacancy 

concentrations, illustrating the variation of hydrodynamic transport regions. The figure is reproduced with permission from reference[102]. Copyright © 2017 American 

Chemical Society.

5. Beyond the Particle Picture: Wave and Coherence Effects
The transport mechanisms discussed in the preceding sections are based on the semiclassical Boltzmann transport equation, which 
treats phonons as incoherent quasiparticles undergoing stochastic scattering. This description is appropriate when phonon phase 
information is effectively destroyed by scattering processes. At cryogenic temperatures, however, the dominant phonon wavelength 
increases substantially, and phonon phase coherence can persist[11]. In silicon, for example, phonon coherence lengths can approach 
submicron scales at a few kelvin, remaining significant even in nanostructures with etched boundaries[45]. When the phase-coherence 
length becomes comparable to characteristic structural dimensions, the particle picture gradually breaks down, and phonons must 
be described as coherent elastic waves[111].

5.1 Phonon confinement and mode quantization
Spatial confinement modifies the phonon spectrum by quantizing vibrational modes, producing discrete subbands and altered group 
velocities, as illustrated in Figure 14a[114]. These changes influence both the heat capacity and thermal conductivity of thin films[115,116], 
phononic crystals[117,118], and superlattices[119,120].

Low-dimensional materials provide particularly clear manifestations of confinement. In silicon nanowires (Figure 14b), reducing the 
diameter from 115 to 22 nm produces a gradual crossover from bulk-like three-dimensional transport to behaviors similar to 
two- and one-dimensional samples, accompanied by corresponding changes in the temperature dependence of thermal 
conductivity[19]. Similar dimensional effects have been observed in boron nitride and B-C-N nanotubes at cryogenic temperatures[121].

In ballistic one-dimensional channels at sufficiently low temperatures, thermal conductance becomes quantized. The conductance of 
each propagating mode approaches the universal quantum[113]

(8)

where kB is the Boltzmann constant, h is Planck’s constant. As illustrated in Figure 14d, as the temperature decreases to around 600 
mK, the thermal conductance of the nanowire converges to the universal quantized thermal conductance[113], as shown in Eq. (8).
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Figure 14. (a) Phonon dispersions in a finite unit cell channel at room and cryogenic temperatures, illustrating coherent phonon modes. The figure is reproduced with 

permission from reference[11]. Copyright © 2024 Springer Nature Limited; (b) Cryogenic-temperature thermal conductivity measurements of silicon nanowires. The figure is 

reproduced with permission from reference[19]. Copyright © 2003 American Institute of Physics; (c) Thermal conductivity as a function of temperature for GaAs/AlAs 

superlattices with 23.8% ErAs interfacial coverage at different sample lengths. The figure is reproduced with permission from reference[112]. Copyright © 2016 American 

Chemical Society; (d) Experimental observation of the universal quantized thermal conductance Gth at ultra-low temperature, which is normalized by the theoretical derivation 

of the universal quantized thermal conductance g0. The figure is reproduced with permission from reference[113]. Copyright © 2000 Springer Nature Limited.

5.2 Anderson localization and coherent transport of phonons
When phonon wavelengths become comparable to characteristic disorder length scales, coherent multiple scattering can induce 
localization.

Early observations of heat transport in silicon nanomembranes suggested the contributions from wave effects[122], while subsequent 
experiments and simulations demonstrated substantial reductions in thermal conductivity caused by interference in disordered 
nanostructures[123,124]. A representative example is provided by GaAs/AlAs superlattices containing ErAs nanoparticles[112], shown in 
Figure 14c. At temperatures near 1 K, thermal conductivity initially increases with sample length, reflecting ballistic transport. At 
higher temperatures, however, disorder localizes higher-frequency phonons, producing the unusual behavior that thicker samples 
exhibit lower thermal conductivity. This anomalous length dependence provides strong evidence for phonon Anderson 
localization[46]. More recently, phononic crystals have demonstrated that coherent wave transport can be engineered through 
periodic nanostructuring and controlled disorder[125,126]. By tailoring phonon dispersion and interference, these structures enable 
thermal-conductivity suppression and heat-flow manipulation beyond the limits of conventional particle-based transport models.

6. Self-Heating and Phonon Transport in Cryogenic Devices
The cryogenic phonon transport mechanisms discussed above have direct implications for thermal management in modern 
electronic and quantum devices. At cryogenic temperatures, self-heating, the local temperature increase caused primarily by 
dissipated electrical power, becomes a major performance limitation because both the cooling power of cryogenic systems and the 
heat capacity of solids are extremely small[127]. Recent studies of cryogenic Fully Depleted Silicon-On-Insulator (FDSOI) technologies 
further demonstrate that self-heating remains significant down to deep cryogenic temperatures, exhibiting large temperature rises, 
strongly temperature-dependent thermal resistance, and rapid thermal dynamics[10,128].

A representative example is the InP high-electron-mobility transistor (HEMT) used in cryogenic low-noise amplifiers, where channel 
temperatures tens of kelvin above the cryostat temperature have been reported despite operation near 0.1 K, as shown in 
Figure 15[129]. Such local heating degrades carrier transport[130,131], increases microwave noise, and reduces gain stability[132], and 
perturbs nearby quantum circuits through elevated phonon temperatures and thermal noise[133].
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Figure 15. (a) Scanning electron micrograph image of an InP HEMT. Inset: schematic view of the HEMT cross-section; (b) Simulations were performed with 29 mW mm-1 input 

power at an operating temperature of 0.1 K. Figures (a) and (b) are reproduced with permission from reference[129]. Copyright © 2015 Springer Nature Limited. 

HEMT: high-electron-mobility transistor.

6.1 Geometry-limited phonon transport and phonon radiation limit
In nanoscale devices, the local heat flux is governed not only by thermal conductivity but also by the available phonon modes, their 
group velocities, and transmission across interfaces[130,134-136]. Consequently, heat removal can approach the phonon radiation limit, 
the maximum ballistic phonon energy flux emitted from a heated region.

Experimental and theoretical studies consistently show that thermal resistance increases with decreasing local temperature as 
shown in Figure 16a, while ballistic phonons dominate thermal resistance in these cryogenic devices. Schleeh et al.[129] demonstrated 
that heat transport in cryogenic HEMTs approaches the phonon radiation limit at 4 K, while subsequent studies successfully 
reproduced the measured thermal resistance using ballistic phonon transport models[137,139], as shown in Figure 16b,c.

Figure 16. (a) Increased thermal resistance as temperature decreases. Figure is reproduced with permission from reference[134]. Copyright © 2022 IEEE; (b-c) Well-fitted 

radiation model in experiments[137] and simulations[138]. Reproduced with permission from reference[137]. Copyright © 2021 Author(s). Figures are reproduced from 

reference[138]. CC BY 4.0; (d) Nonlinearity of temperature rise at cryogenic temperatures. The figure is reproduced with permission from reference[135]. Copyright © 2019 IEEE.

At the same time, boundary scattering becomes increasingly important. In silicon-on-insulator technologies, thin-film thermal 
conductivity can be reduced by more than an order of magnitude relative to bulk silicon because of enhanced phonon-boundary 
scattering[138]. Device geometry, interface quality, and multilayer heat-flow paths therefore become key factors controlling thermal 
resistance. Recent simulations and measurements of cryogenic Complementary Metal-Oxide-Semiconductor (CMOS) and FDSOI 
devices further show that shrinking device dimensions substantially increases thermal resistance and exacerbates self-heating[10,128].
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6.2 Nonlinear thermal response and power-temperature relationship in cryogenic devices
Another characteristic feature of cryogenic devices is the nonlinear relationship between dissipated power and temperature rise[135], 
as shown in Figure 16d. Unlike the nearly linear behavior observed near room temperature[140], the thermal resistance at cryogenic 
temperatures depends strongly on the local temperature. As a hotspot forms, additional phonon modes become thermally populated, 
increasing the local heat-carrying capacity and causing the effective thermal resistance to decrease. Recent phonon BTE simulations 
reproduce this nonlinear behavior by combining the effects of ballistic transport, boundary scattering, and strongly 
temperature-dependent phonon properties[130,135].

These studies demonstrate that self-heating in cryogenic devices requires accurate simulations considering detailed phonon 
properties and scattering mechanisms. Despite rapid advances in cryogenic electronics for quantum computing, sensing, and space 
applications, quantitative simulations remain limited. Establishing such connections represents an important direction for future 
research and will be essential for the thermal design of next-generation cryogenic technologies.

7. Summary and Outlook
Phonon-mediated thermal transport at cryogenic temperatures differs markedly from the diffusive heat conduction commonly 
encountered near room temperature. As anharmonic phonon-phonon scattering is progressively suppressed, heat transport becomes 
increasingly dominated by long-wavelength acoustic phonons with exceptionally long mean free paths, rendering thermal 
conductivity highly sensitive to geometry, boundaries, defects, and crystal anisotropy. Consequently, cryogenic heat transport 
exhibits a rich range of behaviors beyond the classical (T3) Casimir limit, including dimensional crossover, competing scattering 
mechanisms, collective phonon transport, and coherent wave effects. These phenomena not only deepen our understanding of heat 
conduction in solids but also provide the physical basis for thermal management in cryogenic electronics, quantum technologies, 
and other low-temperature systems.

Despite these advances, cryogenic thermal transport remains comparatively underexplored, with many fundamental questions and 
methodological challenges still unsolved. Several directions are particularly important for future research:

• Interfaces and disorder in the long-wavelength limit: At cryogenic temperatures, dominant phonon wavelengths can become 
comparable to surface roughness, interfacial thickness, and microstructural length scales. Under these conditions, specular 
reflection, coherent transmission, defect scattering, and interfacial mode conversion may play important roles, requiring more 
microscopic descriptions beyond conventional boundary-scattering models.

• Thermal transport in complex crystals: Cryogenic transport in perovskites, clathrates, and other strongly anharmonic crystals 
remains poorly understood, particularly when soft modes[141], rattling modes[142], or wave-like phonons[143] interact with the 
long-wavelength acoustic phonons that dominate heat transport at low temperatures. Understanding these interactions may reveal 
new transport regimes that cannot be captured by conventional phonon-gas descriptions.

• Multiscale device simulation across extreme length scales: Cryogenic phonon mean free paths can span from nanometers to 
millimeters or beyond, while phonon populations and thermophysical properties vary strongly with temperature. Direct 
first-principles simulations at device-relevant scales therefore remain computationally challenging. Efficient multiscale frameworks 
are needed to bridge atomistic calculations, Boltzmann transport, and realistic device geometries while retaining essential 
nonequilibrium and size-dependent effects.

• Electron-phonon nonequilibrium at cryogenic temperatures: As electron-phonon scattering is strongly suppressed upon cooling, 
electrons and phonons can remain out of equilibrium over extended time and length scales. Conventional approaches that treat 
electron and phonon transport separately, particularly within the RTA, may therefore become inadequate. Mode-resolved 
descriptions of electron-phonon energy exchange and hot-carrier relaxation will be important for understanding nanoscale 
thermalization and cryogenic hotspots.

• Cryogenic experimental characterization: Extremely small heat capacities, weak thermal signals, parasitic heat leaks, and large 
boundary resistances make quantitative thermal measurements particularly challenging at cryogenic temperatures. Beyond 
measuring effective thermal conductivity, future experiments should aim to resolve phonon propagation, mean free paths, and 
nonequilibrium phonon populations, enabling direct identification of the underlying transport regime.

Together, these challenges highlight the need for a more comprehensive physical framework for cryogenic heat transport, supported 
by closer integration of theory, simulation, and experiment. Addressing these challenges will be essential not only for advancing the 
fundamental understanding of low-temperature thermal transport, but also for developing predictive thermal-management 
strategies for next-generation cryogenic electronics, quantum devices, and other technologies operating in extreme thermal 
environments.
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