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Abstract

Hydrodynamic electron transport, in which electrical transport in solids resembles fluid hydrodynamics when momentum-conserving
electron-electron scattering dominates, has attracted much attention over the past decade. However, its thermal aspects have received
considerably less attention. In this paper, we systematically simulate electron transport in a graphene Corbino disk by solving the
steady-state Boltzmann transport equation with a dual-relaxation-time Callaway model, in which momentum-conserving and
momentum-relaxing scatterings are explicitly distinguished. By varying the magnetic field strength and scattering rates, we compare the
charge and heat flux responses across the diffusive-to-hydrodynamic crossover under both electric-field and temperature-gradient driving.
We show that magnetic-field-induced deflection of both fluxes is strongly enhanced in the hydrodynamic regime but nearly suppressed in
the diffusive regime. Under electric-field driving, a pronounced temperature rise is observed in the hydrodynamic regime due to reduced
dissipation, while the diffusive regime remains nearly isothermal. Under temperature-gradient driving, the deflection exhibits the opposite
chirality to that in the electric-field case. These findings establish that thermal transport can provide a sensitive and independent diagnostic
of electron hydrodynamics, and identify the magnetic field as an effective discriminator between collective and dissipative conduction.

Keywords: Hydrodynamic electron transport, non-diffusive thermal conduction, Boltzmann transport equation, discrete ordinate method,
corbino disk geometry

1. Introduction

Hydrodynamics phenomena originate from the strong interactions of microscopic (quasi)particles, where the particle
number, (quasi)momentum and energy are conserved and a local equilibrium exists during the scattering process!'>l. For example,
fluid hydrodynamic phenomena are ubiquitous in daily life, such as turbulence, vortices, Poiseuille flow, wave and so on. These
universal hydrodynamic behaviors do not depend on the types of quasiparticles and their microscopic interaction>°l. Theoretically,
they can be described by the mesoscopic Boltzmann transport equation (BTE)* 1%l or macroscopic hydrodynamic equations in the
continuum limit!* 13,

However, hydrodynamic behaviors of electrons in crystal solids at room temperature are not easy to be observed because the crystal
momentum is usually not conserved during the electron scattering processes!'l. In the 1960s, Gurzhil'*'9] theoretically proposed that,
as a signature of electron hydrodynamics, electrical resistance of a conductor within certain size and temperature ranges could
decrease when the temperature increases. The electron hydrodynamic phenomena can be predicted in a certain low temperature
window when the momentum-conserving (MC) electron-electron scattering process is much more sufficient than the other
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momentum-relaxing (MR) scattering processes, including scattering with impurities, phonons and so on. This pioneering work
opened the door to electron hydrodynamics in solid materials, which was expected to significantly modify or improve the electric
and thermal transport coefficients!!l. Although electron hydrodynamics have been studied theoretically for over half a century!!7- ],
only a little experimental progress has been made in the 20th century!'’-2l.

In the past decade, the study of electron hydrodynamics enjoyed a renaissancel’>21:22] due to the discovery of new materials, e.g.,
graphenel®23-25 in which the electron-phonon coupling is weak and the MC scattering process is much stronger. Many electron
hydrodynamic phenomena have been measured[?°3?], such as the electron Poiseuille flow!'%], negative nonlocal resistance or
vortices/whirlpooll®3-38l, Hall viscosity*’l, violation of the Wiedemann-Franz law!!!-*], super-ballistic flow!*!l and so on. The difference
in macroscopic behaviors between hydrodynamic, ballistic and diffusive electron transport is widely studied in various materials or
geometries, both theoretically!®*2"*51 and experimentallyl!0-32.33.35-37.411 [ evitov and Falkovich used the linearized electronic
Navier-Stokes equation to study the current vortices and viscosity!*!l. Results show that vortices could appear in the hydrodynamic
regime while they disappear in the diffusive regime. Similar current vortices, viscosity or whirlpool phenomena have also been
predicted in various rectangles!!>3%19"481 or Corbino disk geometries!’**>!l by applying voltage in different positions to control current
flow. For instance, Shavit et al.['3] reported that the nonlocal relation between the current and electric field due to
momentum-conserving interparticle collisions leads to a total or partial field expulsion from such flows, which results in freely
flowing currents in the bulk and a boundary jump in the electric potential at current-injecting electrodes. Li et al. obtained
thermoelectric coefficients of the system in the crossover region between charge neutrality and high electron density regimel>?.. The
thermal conductance exhibits a sensitive Lorentzian dependence on the electron density. Gall et al. found that local temperature and
electric potential are discontinuous at the interfaces with the leads as well as the device resistance in neutral graphenel>?l. They also
reported the results of a comprehensive study of the interplay of viscosity, disorder-induced scattering, recombination, energy
relaxation, and interface-induced dissipation based on the full consistent hydrodynamic description!>°.,

Macroscopic models have been widely used in the above studies and made a success in capturing the qualitative and, in many cases,
quantitative features of the electron hydrodynamics. However, these macroscopic approaches rely on the continuum or local
equilibrium assumption as well as classical constitutive relations, such as the Navier-Stokes or Ohm-Stokes equations. They cannot
access the full momentum-resolved information encoded in the electron distribution function!’->!l, nor can they seamlessly
interpolate between the diffusive and hydrodynamic regimes without invoking additional assumptions!!>*%5, A mesoscopic kinetic
approach, based on the BTE, offers a complementary and more fundamental perspectivel>$ 1051, It explicitly describes the evolution of
the electron distribution function under electric and magnetic fields, a temperature gradient, MR/MC scattering processes and
boundary conditions, providing direct insight into the microscopic origins of macroscopic transport phenomena. Such an approach
naturally encompasses all transport regimes within a unified numerical framework, without requiring a priori assumptions about the
validity of hydrodynamic or continuous descriptions. In addition, compared to the electric behaviors of hydrodynamic electron
transportl’-2445%1 jts thermal properties have received less attention!!!-1%-52.57.581 Actually, apart from the electrical properties, including
mobility and conductivity!!’-?°], thermal performance is also critical for the thermal management problem”->*-°l in semiconductor
devices. Electrical and thermal transport affect each otherl!1-10-52.581; therefore, it is necessary to simultaneously study electrical and
thermal properties of hydrodynamic electron transport.

In this study, the thermal behaviors of hydrodynamic electron transport in a homogeneous Corbino disk geometry under the
magnetic field are studied. The electron BTE with a dual-relaxation-time Callaway modell>#19-51 js adopted to systematically study
electron transport in a graphene Corbino disk. An implicit discrete ordinate method is developed to solve it numerically across the
hydrodynamic and diffusive regimes. The Newton method is used to solve the nonlinear relationships between the Fermi-Dirac
distribution, chemical potential and temperature. The competition effects on hydrodynamic transport among magnetic field, electric
field and temperature gradient are investigated within different scattering rates. Electric and thermal properties of both diffusive and
hydrodynamic electron transport in the spatial domain are compared and discussed. The rest of the paper is organized as follows. In
Section 2, the kinetic model and associated numerical methods are introduced. Then a systematical discussion is conducted in
Section 3. Finally, a conclusion is made in Section 4.

2. Model Equation and Method

2.1 Electron boltzmann transport equation

Electron transport at steady state can be described by the electron Boltzmann transport equation (eBTE) in the semiclassical
limit[20:8710],

L O o Of _ f-f f-fu o

Oz op B Tme Tmr

which describes the evolution of the electron distribution function f with the spatial position x and momentum p = hk under the

external force F = e(E + v x B) of electric field E = -V ¢ and magnetic field B, where e = -1.6 x 10"!° C is the electron charge, 7 is the
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reduced Planck constant and ¢ is the electric potential. Electron group velocity v = 0€/0p depends on the electronic energy band
structure € = &(p). The actual scattering process is extremely complex, involving interactions between electrons-electrons,
electrons-phonons, and electrons-impurities, etc. To simplify the calculation, the classic double relaxation time Callaway model is
adopted and the phonon transport or scattering mechanisms are ignored in this paper. The Callaway model has played a significant
role in previous studies on the hydrodynamic electron transport, which splits the entire scattering mechanism into two parts. One
part is the MC scattering process that satisfies momentum conservation, and the other part is the MR scattering process that does not
satisfy momentum conservation, including defect, isotope, disorder, and impurity scattering. Both of these scattering processes
satisfy the conservation principles of energy and particle number density, and are expressed by the relaxation time approximation
with T, and T,,, respectively. The MR scattering relaxes the electron distribution to the Fermi-Dirac distribution(®!l,

1

frp(&sp, T) = W (2)

where T is the temperature, U is the chemical potential, and k; is the Boltzmann constant. The equilibrium state of the MC scattering
process is

1
me(& phyu, T) = ——————— ©)
or (ZEF) 1

where u is the macroscopic drift velocity.

In this paper, we assume that the variance of the electron number density throughout the entire system is very small, and the spatial
distribution of the electric potential is almost determined by the boundary conditions and the Laplace equation V2¢p =~ 0. We adopt a
relative reference frame based on the conduction band bottom. In this way, the band does not change with the spatial position. The
chemical potential U is determined by the electron number density, while the electric potential ¢p determines the spatial distributions
of the electric field. The combination of these two can yield the electrochemical potential, which will not be extensively discussed in
this article.

Macroscopic variables, including particle number density n, electric current j, energy density U and heat flux q, can be obtained by
taking the momentum of the distribution function in the framework of the kinetic model,

n=(f), j=e@f), U=(ef), q={vle—p)f) (4)

where O represents the integral over the whole momentum space. The local temperature T and chemical potential U could be
updated by assuming a local equivalent equilibrium,

() = Fr(w 1)), (ef) = (ef (1, T)) ©®)

Particle number density and energy density are conserved for both MC and MR scattering processes, and momentum is also
conserved for the MC scattering process so that

< f- fﬁfm(r;(z;;,Tmr) > _ <E f - :j‘}m(:;;,Tmr) > —0

(6)

<f_ ffergc (,U'mcaTmcyu) > — <8f_ ffergc (,U'mcmicyu) > — < f_ fs'?c (ﬂmchmcau)> -0 (7)

Tme(T) Tme(T) Tine(T')

where Uy, T Umes Tme are invoked to ensure the conservation principle of scattering processes!®l. When 7,,,. and 7, are independent
of momentum, Ty = Ty = T, Uy = Ume = Y. The Newton method is used for the above nonlinear equations.

2.2 Implicit discrete ordinate method

To solve the stationary eBTE iteratively, a classical implicit discrete ordinate method is used, where the semi-implicit scheme is used
for the scattering terms and the fully-implicit scheme is used for the gradient of the distribution function in both the spatial and
momentum spaces,

8fm+1 6fm+1 fm+1 _ fﬁlllcym fm+1 _ ff}?;m
. F. = — —
ow T op = 7 ©

where m is the iteration step. The above equation is reformulated into
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where Afm*1=fm+1-fnisthe increment of the distribution function between two adjacent iteration steps and the mesoscopic
residual res is defined as
O e i S b i AN ) i

8 m
res™ = — - —v —F- /
T m oz op

(10)

when res—0, the iteration converges and Af—0. In other words, the formula of the left hand side of Eq. (9) does not influence the final
convergent results. Therefore, the inexact Newton method!®?! is used to solve Eq. (9). A first-order upwind scheme is used for the
numerical discretization of the left hand side of Eq. (9) and a higher and more accurate numerical discretization method is used for
the right.

The whole phase space is discretized into a lot of small pieces, for example, f;x, where i and k are the indexes of the discretized spatial
position and momentum, respectively. The finite volume method is used to discretize the spatial space

0 1
o (50), = 2y St GED

! jeN;

0A 1
o (%), =% 3y s monty 12

b jeN;

where V; is the volume of the cell i in the x space, N(i) denotes the sets of face neighbor cell of cell i, ij denotes the interface between
cell i and cell j, S; is the area of the interface ij, n; is the unit normal vector of the interface ij directing from cell i to cell j. For the
distribution function at the cell interface,

v-ni;ifij = a1 (fi + 03 (Tij — 23)) + a2 (f; + 0 (T3 — ;) (13)
v-nAfi; = a1 Afi + a2 Af; (14)
where a1 = 0.5(n; - v + Iny; - vl), a2 = 0.5(n;; - v - In; - vI), 0; is the gradient of the distribution function in the cell i calculated by the van

Leer limiter!®?, x; is the center of interface jj. A similar strategy is implemented for the numerical discretization of the momentum
space,

of\ 1
£ (55),= ¥ o S mad 19)
8Af> 1
F.f—— | =— SuF -npyA
< ), szezm wF A (16)

where V, is the volume of the cell k in the momentum space, N(k) denotes the sets of face neighbor cell of cells k, kl denotes the
interface between cell k and cell [, Sy, is the area of the interface ki, ny is the unit normal vector of the interface kl directing from cell k
to cell l. For the distribution function at the cell interface,

Fnyfu = b1 (fr + ok (b — i) + b2 (fi + 01 (P — p1)) 17
F-npyAfuy =biAfr+bAfy (18)

where b = 0.5(ny * F + Iny * F)), b, = 0.5(ny * F - Iny - F)), Oy is the gradient of the distribution function in the cell k and py, is the center of
interface kl. Under the discretized spatial and momentum spaces, Eq. (9) becomes

m+1 Afm+1

f ik ik 1 m+1 1 m+1

p + ~m + = E Sijvr - nijAfijyk + A E S F - IlklAfi,kl

i,k,me i,k,mr v jEN; k leN} 1
m o peam mo_ peam 1 1 (19)
i,k i,k,me i,k i,k,mr

= —— i =3 2 Stk migfi = 5 > SuF nufl
Ti,k,mc Ti,k:,rm‘ v jEN; k IEN}

::ﬁ,%kAfﬁf1:7w$% (20)


https://doi.org/10.70401/tx.2026.0028

Thermo-X. 2026;2:202613 | https://doi.org/10.70401/tx.2026.0028 Page 5 of 14

where A is a huge coefficient matrix for the discretized phase space. The aforementioned large-scale linear equation system is solved
by the lower-upper symmetric-Gauss-Seidel method!®l,

In the hydrodynamic regime, f — ﬁfc, hence such approximation can be used
of Of v—u
F-—~F - —— = f4(f4 —1)F- 21
Then Eq.(19) becomes
AmeJrAmeJrv.aAme:fsfc’m*fmi ;g"m*fm,v.afm, “ ( eqfl)F.viu
T T oz T T Or me dme kT
Afiw}z;rl Afﬁ;rl 1 (22)
) ) +1
= T Ty 2 Suve mu TG
i,k,me i,k,mr v jEN;
B fdme - fm v
i i,k,mc i i,k,mr k— U
_ dme I, hmr 1 Sevn - £ fiq,m(_eq,m_l)p.
Titr;ﬂ,mc Tir,rlé,mr sz ]EZNl v Z]f”’k fl,k,mc fi,k’mc kBT'z (23)

The above approximations can also be used in the diffusive regime with ,i?c — f :i?r and u—0. The classical implicit discrete ordinate
method is not limited by the electron energy band structure or scattering process. Electron transport in various materials can be
described by this numerical iterative framework as long as the model equation is valid and the input parameters can be obtained
regardless of whether they are obtained from first-principle calculations or empirical formulas.

In this paper, the electron transport and thermal behaviors in single-layer suspended graphene materials are investigated. The basic

physical parameters are as follows. An isotropic linear dispersion is assumed, i.e., k = lkls and ¢ = hﬂ|k|vF, where s = (cosa, sina) is the unit
directional vector. The integral over the momentum space in graphene materials can be reformulated into!®],

(M) = (2:ﬁ)2 /Mdp: %//ﬁMdsdQ (24)

where dO is the integral over the solid angle space. The doping concentration is n, = 102 cm™. Corresponding Fermi velocity and

Fermi energy are v; = 10° m/sl®l and Ej.= hvpfan, 1991, respectively. The discrete details of the momentum space are as follows. The solid
angle o € [0, 27] is discretized equally into N, = 20 - 40 pieces in the numerical simulations. Electron energy is discretized equally
into N = 20 - 40 pieces in the range (a, E; + N kT,), where a is the maximum value between 0 and E; - N kT, T, is the background
temperature. Ny = 10 in this simulation. M = 201 uniform cells are used for the spatial discretization in each direction, and the van
Leer limiterl® is used for the spatial gradient of the distribution function. Numerical validations and grid independence tests have
been conducted in Supplementary material. Results show that the present scheme and discretizations are acceptable to ensure the
numerical simulation accuracy.

2.3 Boundary conditions

The isothermal boundary condition means that all particles hitting the boundary are absorbed!’l, and particles emitting from the
boundary to the computational domain follow the Fermi-Dirac equilibrium distribution with boundary temperature T, and chemical
potential U,

f(xy) = fib (xo, 0, Ty), s-mp >0 (25)

where Xx;, represents the spatial coordinates of the boundary, ny, refers to the unit normal vector that points from the boundary to the
computational domain. The periodic boundary condition means that when an electron leaves one boundary, and meanwhile another
electron with the same velocity and energy enters the computational domain from the associated periodic boundary. Each electron
distribution deviates from its equilibrium state by the same amount at the corresponding periodic boundaries

f(mbhE’s) - f;wqr (Tblaﬂbhs) = f(mb275’s) - fvenq'r (Tb2nu‘b235) (26)

where b1 and b2 denote the corresponding periodic boundaries, respectively. The diffusely reflecting boundary condition indicates
that the net energy and particle number that penetrate the boundary interface are zero. Besides, electrons reflected from the
boundary are isotropic,

/ vfdp = / ofed (W, T")dp (27)
s-np<0 snp>0
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/ vefdp = / vefed (u',T")dp (28)
snp<0 snp>0

The unknown temperature T” and chemical potential i at the boundaries can be obtained by solving the above two equations with
the Newton method. The specular reflecting boundary condition is

f(xlh & 1y S) = f (Ib,E, 122 S’), s-mp >0 (29)
where s”=s - 2 (s - mp) ny,

2.4 Dimensionless analysis

Choosing some reference variables including the Fermi velocity v, characteristic length L, background temperature T, and Fermi
energy Er, a dimensionless analysis of eBTE is conducted,

of* —0(ep)” of _ fmd —f* | fur —F7
. i S B*) - = 30
* o + ( Ox* tex Op* T + T, (30)
where
* Tmr % Tme * x
T, = k] Tme = ) r = —
mr L/’UF L/’UF L
.t . _ (ep) N B
= € = ) B* =
f fg ( <P) EF EF/|€UFL| 31
. M . p L 3D
= = P =7 = 7
= Er Erp/vp Ty
eq eq
egx _ Jmr eqx _ Jme ut = i
" fo’ ™ fo vF

where f, = 1/2. It can be found that the electron transport is mainly determined by these dimensionless parameters T:,LTIT;;CI (e(p)*
and B* for given material properties. The relationships between the material size and the length scale of particle transport, such as
momentum-conserving and momentum-relaxing mean free paths, are reflected by dimensionless parameters.

3. Results and Discussions

Consider a homogeneous graphene disk!>*2], where the ratio of the inner to outer radii of the disk is 1 to 5, and the thermal effects
under the electric and magnetic fields are studied, as shown in Figure 1a. The outer diameter of the disk is regarded as the system
characteristic length. Initially, the temperature and chemical potential inside the domain are equal to the background temperature
and the Fermi energy, respectively. The initial electron distribution function satisfies the Fermi-Dirac equilibrium distribution.
Temperature and chemical potential in both the inner and outer ends of the disk are fixed at the background temperature T, = 300 K
and Fermi energy, respectively. Initial particle number density is N,. An electric potential difference A@ is applied and a magnetic field
B is applied perpendicular to the graphene disk and pointing out of the paper.

1.0055

1005 1.03
1.0045 1.025
1.004 1.02
1.0035 1.015
1.003 1.01
1.0025 1.005
1.002 1
1.0015

1.001

Figure 1. (a) Schematic of a homogeneous Corbino disk geometry driven by electric and magnetic fields; (b, ) Temperature contour and heat flux streamline with a magnetic

field B* = 0.8560 perpendicular to the graphene sheet, where (b) 7,7, = 0.1, 7,5, = 00 and (¢) Ty, = 00, Tpre = 0.1

Temperature contour and heat flux streamline in the diffusive and hydrodynamic regimes are plotted in Figure 1b,c, respectively,
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where (eA@)* = (eAp)/Er = 0.0856 and B" = 0.8560. It can be found that the temperature near the inner boundary is higher than that
near the outer boundary, and temperature stays constant tangentially along the radial direction due to symmetry. Heat flows from
outside to inside following the direction of the temperature gradient. Under the same electromagnetic field, the temperature rise in
the hydrodynamic regime is larger than that in the diffusive regime. More importantly, the heat flux flows roughly along the radial
direction in the diffusive regime, but there is a certain degree of deflection in the direction of heat flow in the hydrodynamic regime,
namely, the heat flux no longer flows only along the radial direction. There is heat flux in the tangential direction corresponding to
curved streamlines.

In order to understand the macroscopic distributions in more details, the spatial distributions of particle number density,
temperature and the deflection angles 6 of heat flux and electric current along the radial direction from the inside out are plotted in
Figure 2, where tan 0 = q,/q, or j,/j,, subscript t and r represent the tangential and radial components of heat flux or electric current,
respectively. Please note that if the deflection angle is defined as 0 = arctan (q,/q,) or arctan (j,/j,), it will be difficult to reflect the
characteristic that the direction of heat flux is opposite to that of the electric current. Heat flux deflection phenomenon is suppressed
by the MR scattering process and promoted by the MC scattering process, as shown in Figure 2a,b. Electrons are constantly moving
from the outside to the inside under the electric field forces, which causes electrons to accumulate near the inner circle. As the
electrons move inward, they feel the Lorentz forces from the magnetic field and interact with other electrons. The radial temperature
gradient is established by the competition between Joule heating (which is stronger in the inner region where the current density is
higher) and thermoelectric cooling (or Peltier effects). In the hydrodynamic regime, reduced momentum relaxation leads to lower
dissipation and hence a larger temperature rise compared to the diffusive case. The heat flux contains both a dissipative Fourier-like
component (opposing the temperature gradient) and a thermoelectric component (driven by the electric current). In the present
simulations, the latter dominates in the hydrodynamic regime, resulting in heat flow from the outer (cooler) boundary toward the
inner (hotter) boundary. This is a classic thermoelectric response and does not violate Fourier’s law.

100 280
(a) (b)
& 80¢ CeemmmTTTT - 260 ¢ JUPEE -
g ,/” \\\ 85 // \“
B o60r Vw2400 S .
=} Il = Il ‘I
© 1 ‘| = 1 '
o h | = o N e 1
= 40 S Nl h g 220 ;S = ST
I P . Ui o AR
s NI
H 20 e N oo2000 7 b
0 180
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized distance Normalized distance
1.1
>
5
2 1.08
[} i RS
< - "
E 1.06 |
R T O A
s AT T, s, © R T y (@)
=T O N e \
S o2y RN
= N R S N O e —aN
g 1t N
—
z
0.98 : : : : 0.98 ‘ ‘ ‘
: 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Normalized distance Normalized distance

Figure 2. Macroscopic distributions along the radial direction driven by electric potential gradient and magnetic field B* = 0.8560, where normalized distance is
In(r/r,)/In(r,,/r;,), ris the distance from the Corbino disk center. Deflection angles of (a) electric current and (b) heat flux; (c) Normalized particle number density n/N,; (d)

Normalized temperature.

In the diffusive regime, sufficient MR scattering process happens and the frequent energy and momentum exchange among electrons
drives the distribution function into a local Fermi-Dirac distribution. On one hand, frequent MR scattering process prevents electrons
from constantly moving from the outside in and gathering around the inner circle, so that the difference in particle number density
between the inside and the outside becomes smaller. On the other hand, the acceleration tendency of electrons under the action of
electric field forces is also destroyed by frequent MR scattering process. Specifically, although the electron is accelerated by the
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electric field force to obtain the corresponding momentum increment in a mean free path range, this momentum increment is
immediately consumed by the MR scattering, which results in a small momentum or energy increment of the electron so that the
temperature rise in the whole region is small. When 7,,, — 0 and Tm( — 00, a first-order Chapman-Enskog expansion of the

distribution function leads to

o . 0lep’) ofs JEa

f*: ‘rean: - ‘rtw‘s S+ + T S+ 8]7* mr (S

oo s Ofmp. OT*  Ofmy O . 9 (ep*) 5feq’
:><sf>”*7m’"<“'< oT+ oz | opr or >>+T"”<s oz der ap

x B*) -

+o (r;;f)

. afeq’ oT* afe% . 0 (6(,0*) 8f€q, (32)
’“*TW<“'< oT* oz | opr or )>”””<s 92" ( o >5>
o (o HENI (GO (2 0
mr or+ | oz* mr ou* Oz* Ox*
. af”"
The first-order magnetic term disappears due to (s xB"): D =0 Note that the gradients of temperature, chemical potential and

electric potential are along the radial direction due to symmetry. Hence the deflection of macroscopic flux (Eq. (32)) tangentially along
the radial direction in the diffusive regime is much smaller and on the order of o (7 ) regardless of heat flux or electric current.
In the hydrodynamic regime, sufficient MC scattering process results in a local equilibrium state with a nonzero drift velocity u’".

Frequent scattering process results in a much smaller resistance, which makes it easier for electrons to flow from the outside in so
that the particle number density inside increases significantly, as shown in Figure 2c. On the other hand, small resistance indicates

small dissipation and a larger temperature rise under the same electric potential difference, as shown in Figure 2d. When T;W — 00

and T,tw — 0, the first-order Chapman-Enskog expansion of the distribution function gives

eq,* 9 % €q,*
f* — feq* __ T* S - af - T* (_(e—s’i) +s X B*> af +o (TTT’L’CZ)

= s I e (2 =
(o (T 0 0 )
—<T7;;Cs <—%+sx3*> 6(;‘:% (ap u)> (33)
~ (o1 >+T::w<fss N (s 2 ) (B 2
() o)

It can be found that the nonzero drift velocity is significantly affected by the electromagnetic field. The Chapman-Enskog expansion
analysis reveals that the flux deflection originates from the emergence of a collective drift velocity in the electron distribution
function in the hydrodynamic limit. This electron drift, subject to the Lorentz force, acquires a tangential component in the disk
system that cannot be compensated by electric forces in the bulk region. Consequently, the flux deflection is a genuine bulk
phenomenon and is largely insensitive to the detailed choice of boundary conditions.

Numerical results under various magnetic field forces and MR/MC scattering processes are shown in Figure 3. It can be found that the
deflection angle decreases with the magnetic field force under the same scattering rates. The deflection angle increases when the MC
scattering process increases but decreases when the MR scattering process increases. Based on dimensionless analysis of
eBTE (Eq. (30)), it can be found that the local flux in the tangential direction of the radius depends on the temperature gradient,
electric and magnetic field force and the local electron scattering strength. When MR scattering dominates, there are large
momentum relaxation so that the acceleration of electrons by the electric field is less effective. The electron mobility is reduced, and
consequently the effect of the magnetic field force is naturally reduced, making it difficult to change the direction of electron motion.
Hence, electron motion in the tangential direction tends to zero, and the deflection phenomenon is weak. When the MC scattering
process dominates, there is little momentum relaxation and the electric field force drives electrons to move from the outside to the
inside. During this motion, it feels a tangential Lorentz force. Different from the Hall effect in cuboid geometry, the Lorentz force in
disk geometry is usually not in the radial direction. Therefore, it is not easy to be compensated by the electrostatic field force which
is always in the radial direction due to the symmetry of particle number density. Consequently, the macroscopic flux deflection

phenomenon appears.

Secondly, the thermal effects in a graphene Corbino disk under the temperature gradient and magnetic field are studied, as shown in
Figure 4a. In this case, the electric and chemical potentials at the inner and outer ends of the disk are the same. The dimensionless
temperature T at the inner and outer boundaries is 1.01 and 0.99, respectively.
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Numerical results are shown in Figure 4, Figure 5, and Figure 6. The particle number density changes slightly inside the disk due to
small temperature variance, which indicates that the electric field force is much smaller. It can be found that there are larger
temperature slips near the inner boundary than at the outside, because the inner radius is smaller so that the ballistic effects inside
are more serious. Similarly, there is little heat flux deflection in the diffusive regime due to the sufficient MR scattering process and
the heat flux deflection is obvious in the hydrodynamic regime. Opposite to the above results shown in Figure 1b,c driven by
electromagnetic fields, the heat flux flows from inside out and electric current flows from outside in under the temperature gradient.
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electric current and (b, e, h) heat flux; (c, f, i) Normalized temperature.

We elucidate the underlying physical mechanisms in terms of the evolution of the electron distribution function in the momentum
space. In the hydrodynamic regime, electron transport presents collective behavior, namely, the electron distribution function is
generally deviated in a certain direction with drift velocity u” in the momentum space. When an electric field is applied, the electron
suffers from a radial outside-in electric field force, which causes its distribution function to deviate from the equilibrium state
towards the center of the disk. Therefore, the electron will also be driven by a clockwise magnetic field force to move clockwise
under the action of a magnetic field, which leads to the electric current flows anticlockwise and the heat flux flows clockwise.
Different from the electric field force, the temperature gradient drives the electron distribution function to deviate from equilibrium
in a direction away from the center of the disk. Therefore, the electron will be driven by a counterclockwise magnetic field force to
move counterclockwise under the action of a magnetic field, which leads to the electric current flowing clockwise and heat flux
flowing anticlockwise.

In a word, Figure 2 and Figure 3, Figure 5 and Figure 6 systematically examine the magnetic-field-tuned electron transport in a
Corbino disk under electric-field and temperature-gradient drives, revealing the essential distinction between hydrodynamic and
diffusive regimes in their magnetic response. The deflection angle 6 increases monotonically with B’, yet its magnitude is governed

by the dominant scattering mechanism: enhanced MC scattering (reduced T;w) sustains a collective drift that enables the Lorentz
force to generate a persistent transverse momentum, yielding a pronounced deflection as a hallmark of hydrodynamics; enhanced

MR scattering (reduced T;W) dissipates momentum within each mean free path, quenching the Lorentz accumulation and restoring
diffusive transport with 6—0. The deflection chirality reverses upon switching the drive, inward drift under an electric field produces
clockwise deflection, while outward diffusion under a temperature gradient flips the Lorentz force direction. Thermally, the
hydrodynamic regime under an electric drive exhibits a substantial temperature rise due to suppressed dissipation, whereas the
diffusive regime remains nearly isothermal. Under a temperature-gradient drive, the temperature rise is weak and
scattering-insensitive, as the heat flux is boundary-controlled rather than dissipation-dominated. Collectively, the deflection
amplitude and temperature rise serve as independent diagnostics for hydrodynamic versus diffusive transport, displaying clear
scaling separation under the competition between scattering rates and magnetic field.

4. Conclusion

A kinetic simulation of electron thermal and charge transport in a graphene Corbino disk has been performed, with the magnetic
field strength and MC/MR scattering rates being systematically scanned under the framework of the BTE. Three physical distinctions
between the hydrodynamic and diffusive regimes are identified. Firstly, flux deflection by the Lorentz force is found to be a
hydrodynamic signature, pronounced when electron-electron scattering dominates and quenched when momentum-relaxing
scattering prevails. In the diffusive limit, the first-order magnetic correction to the flux vanishes by symmetry, while in the
hydrodynamic limit, the finite drift velocity allows the Lorentz force to generate a sustained tangential component. Secondly,
significant temperature rise is produced in the hydrodynamic regime under electric-field driving due to reduced energy dissipation,
whereas a weaker thermal response is induced under temperature-gradient driving, which is less sensitive to the electron MC/MR
scattering rates. Thirdly, the deflection chirality under temperature-gradient driving is observed to be opposite to that under
electric-field driving. The current results indicate that thermodynamic physical quantities, especially the heat flow deflection caused
by magnetic fields, can also be used as an approach to distinguish hydrodynamic electron flow and classical diffusive transport.
However, the spatially resolved, high-resolution measurement[>°*¢7] of heat flux or temperature is much more difficult than that of
electric current or potential. Perhaps with the development of future experimental techniques, it will be possible to detect the spatial
distribution of heat flux.
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